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Abstract 

We provide an integral formula for the Poisson kernel of half-spaces for Brownian 
motion in real hyperbolic space H”. This enables us to find asymptotic properties of the 
kernel. Our starting point is the formula for its Fourier transform. When n = 3, 4 or 6 we 
give an explicit formula for the Poisson kernel itself. In the general case we give various 
asymptotics and show convergence to the Poisson kernel of H"'. 
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1 Introduction 


Investigation of the hiperbolic Brownian motion is an important and intensely developed topic 
in recent years(cf. |Y3j . jBJj i. On the other hand, it is well known that the Poisson kernel 
for a region is a fundamental tool in harmonic analysis or probabilistic potential theory. In 
the classical situation of the Laplacian in the exact formula for the kernel leads to many 
important results concerning behaviour of harmonic functions. Moreover, probabilistic potential 
theory uses Poisson kernel techniques to give solutions to the Schrodinger equation (ICEZl). 
Availability of the exact formula for the kernel is always of crucial importance for the argument. 

The aim of this paper is to give a representation formula for the Poisson kernel of a half¬ 
space in the real hyperbolic space H”, i.e. for the probability distribution of the hiperbolic 
Brownian motion stopped when leaving a half-space, and to use it in order to prove exact 
asymptotics of the kernel. Note that the boundary of the considered half-space is a horocycle 
in H"'. 

The Poisson kernel of a half-space is closely related to stable laws and functionals of the 
Brownian motion dHUFj, |B(lFYj . jYT] . |Y2j h Another motivation comes from the risk theory 
in hnancial mathematics ([D]). Our kernel, up to a passage from the dimension 2 to the 
dimension n, was identihed in terms of its Fourier transform in [E]Fl. It turns out, however, 
that it is not sufficient for most (mentioned above) applications. Unfortunately, a formula for 
the kernel itself or its asymptotical behaviour were not identihed (cf. jBCTYj . p. 589). 

From the technical point of view, the main difficulty is that the inverse Fourier transform 
(or the Hankel transform) leads to an integral containing Bessel functions which has oscillatory 
character, see © below. Moreover, for integrals like ®, Lebesgue’s bounded convergence 
theorem is often not applicable (for example when \y\ —> oo) and we are left with a nontrivial 
problem of obtaining the asymptotics of the kernel. 

The paper is organized as follows. In Section 2, after some preliminaries, we furnish a new 
proof of the formula for the Fourier transform of the Poisson kernel of a half-space in 
Our proof, in contrast to the proof in UnEl, does not use the result of Dufresne ([D]) on the 
limiting law of an exponential functional of the hyperbolic Brownian motion. Finally, we give 
a hrst integral formula for the Poisson kernel of a half-space, based on the inverse Fourier 
transform. 

In Section 121 in Theorem 13.21 we obtain a second integral formula for the Poisson kernel of 
a half-space. This is our main representation formula. It is much more suitable for further 
applications than ©• Section 3 ends with explicit integral formulas for the Poisson kernel of a 
half-space, that arise in lower dimensions. 

In Section 4 we study the above mentioned asymptotics of the Poisson kernel of a half-space 
in We use our main representation formula from Theorem 13.21 as well as the semigroup and 
homogeneity properties of the Poisson kernel. 

2 Preliminaries 

Consider the half-space model of the n-dimensional real hyperbolic space 

HI” = {(xi,..., Xn-i, Xn) € X M : Xn > 0}. 

The Riemannian metric, the volume element and the Laplace-Beltrami operator are given by 

2 dxl +... + dxl_^ + dxl 
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dXi...dXn-ldXn 


^ dl) - (n - 2)xndn, 

i=l 

respectively (here di = i = 1, 

Let (-Bi(t))j=i..,n be a family of independent classical Brownian motions on M with the 
generator ^ (and not i-c. the variance = 2t. Then the Brownian motion on 

H”, X = {Xi)i=i n, can be described by the following system of stochastic differential equations 

r dXi(t) = Xnit)dBi{t) 

I dX2{t) = Xnit)dB2{t) 

[ dXnit) = Xnit)dBnit) - {u - 2)Xnit)dt. 

By the ltd formula one verihes that the generator of the solution of this system is A. Moreover, 
it can be easily verihed that the solution is given by 

r X,{t) = Ai(0) + /o*X„(0)exp(54s)-(n-l)s)d5i(s) 

I X2{t) = X2{0) + J^Xr,{0)exp{B4s)-{n-l)s)dB2{s) 

[ X„(f) = X„(0)exp(5„(t) - (n - l)t) 

Convention: by c (or C) we always denote a general constant that depends on n and other 
constant parameters only. The value of these constants may change in the same string of 
estimates. 

Below we identify the Poisson kernel (the function y —»■ Pa{x,y)) in terms of its Fourier 
transform. Theorems o and 12.21 cover facts that are essentially known. Similar results can be 
found in both [BHF] and [BCFYj . in a slightly different setting of more general generators on 
the space H^. In order to make our paper self-contained, we include these facts here, in the 
present setting of H” and with a different short proof of the formula 0 . 

Dehne the projection”: M” 3 m = (mi,...,m„) —> m = {ui, ...,Un-i) G M"" In particular, 
A(t) = (Xi(f),...,A„_i(f)). 

Consider a half-space D = {x E H"' : Xn > a} for some hxed a > 0. Dehne 
r = inf{f ^ 0 : X{t) ^ D} = inf{f ^ 0 : X„(f) = a}. 


By Pa{x,dy), x = (xi, X 2 ,..., x„) e D, y = (|/i, 1 / 2 , •••, 2/n-i, a) G dD we denote the Poisson 
kernel of D, ie. the distribution of A(r) starting at x (since X^ir) = a it is enough to consider 
the distribution of A(r)). 

Theorem 2.1. 


P[Pa{x,-)\{u) = £'^exp(i(M, X^)) = exp(i(x,M)) — 




a / iCn-i (|M|a) 


, X E D, u E 


nn —1 


where Ky, z/ > 0, zs the modified Bessel function of the third kind, called also Macdonald 
function. 
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Proof. Since Bi{t) are independent and r depends only on (i.e. Bn) we obtain 


n—1 

E^exp{i{u,X{T))) = E^-Y[E^exp{iUjXj{T)). (1) 

i=i 

We adopt here a useful notation E^^Y = E{Y\Xi,i ^ j),E^Y = E{Y\Xn) for the conditional 
expectation. We compute the integral fJXn(s) dBj{s) by approximation of l{ 5 < 7 -}(s)X„(s) by 
simple processes of the form /fcl[ 4 , 4 +i)) where fk G E{Bn(tk)). Using independence of the 
increments of Bj and the fact that the function under the integral below is independent of Bj, 
we get 


E^ exp{iUjXj{T)) = 


E^^ exp{iujXj{T)) 

E^^ exp (iUj{Xj(0) + f Xn dBj) 


lim exp iuj ^ fk{Bj{t, 

\ k 

lim JJexp(-M2/2(4^^ _ 4)) 


fc+ij 


Bj{tk)) 


^lUjXj 


eiUjXj I _^2 I Xn{s) ds ) . 


This and m imply that 

exp(i(M, X(r))) = exp(i(5;, exp [ —|m|^ f Xn{s)ds \ = exp{i{x,u))E^^eg{T), 


where eq(r) = exp(f^ q(Xn(s)))ds with g(y) = —{\u\y)‘^. Observe that the function tpiy) = 
E^eq{T) is by dehnition the gauge for the Schrodinger operator L + q based on the generator L 
of Xn and the potential q. By general theory (see e.g. (DEZl, Prop. 4. 13, p.ll9) it is a solution 
for the Schrodinger equation. Since dXnif) = Xn(t)dBn(t) — {n — 2)Xn(t)dt, by a standard 
argument based on the ltd formula, we get the generator of Xn 

2 d"^ d 

L = x„-r-77 — [n — 2)Xr, 


' dxl ' "'dXn 

Consequently, (p satishes the following equation 

y^p”iy) - (n - 2)yip\y) - \u\'^y'^ip{y) = 0 


( 2 ) 


on the positive half-line. Let ip{y) = y 2 g{y). Then </?'(!/) = ^^y = giy) + y ^ g'iy): p”{y) = 
(n-i){n-3) fi'(2/) + {n — 1 ) 2 /^ g'{y) + y^9"{y) and consequently (|21) reads as 

y^g'iy) + yg'iy) - (klV + {{n - 1)/2)^) g{y) = o. 

Substituting \u\y = z and giy) = h{z) we get 

z^h"{z) + zh\z) — [z^ + {{n — l)/2)^) h{z) = 0. (3) 
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This is the modified Bessel equation of order v = (n — l)/2. Taking into account the form of 
the general solution of 0 we infer that 

^ 

^{y) = y~{cil:i^{\u\y) + C2Kr^{\u\y)), 

for an appropriate choice of Ci and C 2 , where Jn-i !■) and Kn-i (■) are the modified Bessel 
function of the first and third kind, respectively. Observe that by definition (p{y) is bounded 
in y and </?(a) = 1. Since Jn-i (\u\y) is unbounded and Kn-i (\u\y) is bounded when y —> cx), it 
follows that Cl = 0. From the other condition we get the normalizing constant 


C2 = 


a 2 Kn-i (|M|a) 


This completes the proof. □ 

Remark. As Ky{x) ~ when x —*■ 00 , the Fourier transform of our kernel is in L^. Thus 

there exists the corresponding density which we denote by Pa{x,y). 

From Theorem o it follows that nonzero x gives rise just to a translation of Pa{x, y) as a 
function of y. Therefore, in what follows we may and do assume x = 0. Consequently, we may 
simplify the notation by identifying Pa{x,y) = Pa((0,..., 0, x), y), x > 0. 

For notational convenience, let s = | — 1 and z/ = (n — l)/2. For 2 ; > 0 we define 1 |(fR,j . 
8.432.8) 

poo 

1 x 1 s{z) = / e~'^u^(u + 2zYdu = d„e^z^~Kn-i (z). (4) 

Jo ^ 

where dn = 7r“52^+^F . Observe that for n E 2N the function is just a polynomial of the 

degree s. In this case we regard ms{z) as defined for all complex numbers. By mEI, (8.468, p. 
915), for n G 2N we get 

^ {2s- j)\2^- 


ms{z) = dn\l- '"T.. 


j=o 


jKs-JV- 


In particular, mo{z) = 1, mi{z) = 2(1 + z) and m 2 {z) = 8{z^ + 3z + 3). 

Theorem 2.2 (Poisson kernel formula). Let a > 0, x > a and y E If \y\ > 0 then 


Pa{x,y) = 


X f°° Ky{rx) 


2na 


\y\ 


Iq K^{ra) 2 


Jn-3 (r|n|)r 2 dr, 


n — 1 


V = 


and when \y\ = 0 zf zs understood in the limiting sense, i.e. 

22-n 


Pa{x,0) = 


(. 


X 


Ku{rx)^^_ 


F (^) VTra/ Jq Ky{ra) 


‘^dr. 


(5) 


( 6 ) 


Denoting s = | — 1 we have 


Pa{x,y) = {2n)-'^\y\-^ 
The special case \y\ = 0 reads as 

Pa{x, 0) = 


-r(x-a)'^s{^X) n-l / I |\ 7 II ri 

5 ^ 7 —fr 2 Jn-3 (r\y\)dr. \y\ > 0 . 

ms{ra) 2 


( 7 ) 


22-n^-i7 roc 


r(“y) 


mJra) 
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Proof. Recall that if / is a radial function, /(y) = fo{\y\), then so is JF/ and the Fourier 
inversion formula in reads, up to a factor as the Hankel transform of order 

(n-3)/2 (0, (7.38), p. 247): 

poo 

fMy\) = i27r)-^ / {J^fUr){r\y\y-^J^_,{r\y\)r--^dr. 

Jo 

This gives ©• Now, © is immediate and the special cases y = 0 follow from the asymptotics 
of the Bessel function (see e.g. |(fRj . 8.440 or 0, (5.10), p.l30) 


Uz) 


2'^r(i +1/)' 


0 . 


( 8 ) 


The proof is complete. 


□ 


Corollary 2.3. The Poisson kernel Pa{x,y), as a function of three variables {a,x,y), is a 
homogeneous function of order —n + 1.' 


Pta{tx,ty) = t "+^Pa(a;, ?/), f > 0. 


Proof. This is obvious by a change of variables r = fr in the formula © written for Pta{tx, ty). 

□ 


Remark. Certainly, when n G 2M then also Jri^{r\y\) simplihes to an elementary function. 
This fact, however, is not very useful in what follows and we will not pursue this further. 


3 Poisson kernel of half-space 

In this section we give a representation formula for the Poisson kernel. For n = 2 the resulting 
formula coincides with the one of R^, so that below we shall always tacitly assume n > 3 (note, 
however, that a great part of our argument remains valid also for n = 2). 

From now on we use the following notation, partially introduced in the preceding Section: 

^ = t-l 

A = X - a, p=\y\ 


and with a little abuse of language we identify Pa{x,y) = Pa{x,p). 
The following technical lemma is essential in what follows. 

Lemma 3.1. Let 


q( 2 ) = 2 ; - (z/2 - 1/4)^, zec. 

Define Fx{z) by the following formula: 

{z/a)e^^^°'{x/aYK^{xz/a) — [x f aY~^Q{z f a)Ky{z) 


Then 


Fx{z) = 0(z Y, z ^ oc. 


(9) 

( 10 ) 
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Proof. Using the asymptotic expansions for the modihed Bessel function Ky{z) f 8.451.6, 
p. 910) we get 


e^z''K,{z)=z'^-"^{c^ + ^ + R2), 


( 11 ) 


where 


(n) 

Ck = cl’ 


TT r(n/2 + k) 


fc = 0,1, 


2fc!r(n/2-fc)’ 

= 0{z~‘^) and |^| is large enough. Hence, it is enough to show 

{z I {xz I aY Ky{xz I a) — {x / aY~^ Q{z / a)e^ z’' K^z) = 0{z'^~^), z 


oo. 


( 12 ) 


From m it follows that on one hand we have 

{zla)e^^l°‘{xzlaYKy{xzla) = Cq {x/aY~^ /a) + (ci/(2a;)) {x/aY~^ + 0{z''~^). 

On the other hand, using = ci, we get 


Q[^y’’z'^KYz) = 


x\''-\ (z nin-2) A \ , , i 1 3 .-/o,, 

'-S—1— Coz"-2 + + 0{z''-^/Y) 

a 6 ax / 2 


a \aJ 
a \a 


2 

z'"^2 + 


2 

+ 


a 

X\ V 

a 


“I f Cl n{n — 2) A 
2a 4 ^2ax 




+ 0(^^ 


X \ ^ 2 Cl , . 1 ^ 3 N 

—+ 0(2^-2). 

2x 


Then (fT^ is obviously satished and the assertion follows. 


□ 


Remark. The advantage of this lemma is due to the fact that we may and do use it for z G C. 
This fact is exploited below. 

Observe that the function K^(z) has no zeros in {3^(2;) > 0} (cf. jElj . p. 62) and hence 
Fx{z) is analytic in this half-plane. Moreover, by the inverse Laplace transform theorem (jFj, 
Theorem 8.5) together with (jlOj) we get that Fx is the Laplace transform of some function wx, 

i.e. 

POO 

Fx{z) = / e~^’’wx{v)dv, (13) 

Jo 

under the additional condition that for some 6 > 0 the following limit 

-I pb-\-ir 

lim - / Fx{z)e’’^dz (14) 

r^oo 2m 

exists for all n > 0 and it is a piecewise continuous function of v admitting the Laplace 
transform. Then the limit is equal to wx{v). 

The existence of the above limit is shown in Theorem 13.31 together with an explicit formula 
for the function wx itself. 

We are ready to state our representation formula. 


Theorem 3.2. 

p(x p) = Ihl__r jzMIPifizLdv 

2WMA2 + p2)-+i ((A + ot«)2 + p2). "• 

where L(A, p, v) is the following function 

L{X,p,v) = s((A -h avY - A^)((A avY + P^T - (A^ -h p^)[((A -h avY + p^Y 


(15) 


(A^ + P^)1- 


7 









Proof. Recall that (jEj, vol I, (7) and (8) p. 182 or |(lRj . 17.13.43,44 ) 


and 


1 1 \ 
e-^W^_i(rp)dr = 2'^Tr-^T{iy + 

^ (A"* + p^) ^‘2 


poo -1 -1 

= 2^-V-^r(z/ - 

) ^ (A"' + p^j 2 


For z = ra we have 


XFx{ra) = 


rms{rx) — [x/aY Q{r)ms{ra) 


ms[ra) 


(16) 


SO 


rms{rx) fx 


and hence by 0 


ms{ra) \a 
x\’^ rKy{rx) 


Q{r) + \Fx{ra) 


= e-"^[0'Q(r) + AF,(ra)]. 


.a/ Ky{ra) 

Putting this into the Hankel transform formula © and using m we get 


27r”/^r(s) ^Pa{x,p) = As 
Putting r = 0 in (HED we get 


1 s + 1 


(A^ + p2)s+i 2xa{X^ + p^Y\ Jq {{X + avY + p'^) 


+ X 


Wx{v) 


-dv. 


AFa(O) = X w\{v)dv = — {x/aY Q(0) = s(s + 1) {x/aY 


2xa 


(17) 


SO that 


X{Fx{ra) — Fx{0))ms{ra) = rms{rx) — [x/aYrnisira). 

Dividing both sides by r and taking the limit r —i- 0 we obtain 

poo 

AaF{(0) = —Aa / vwx{v)dv = 1 — [x/aY■ 

Jo 

We used the fact that vwx{v) allows the Laplace transform which is evident from Theorem 13.31 
Hence 


{x/aY = ^ + Xa / vwx{v)dv 


Moreover, 


A[(FA(ra) — iR(0)) — raF{(0)]ms(ra) = rmsirx) — rnisira). (18) 

Again, dividing both sides by (ra)^, letting r —> 0 and using ms(0) = m'YO) we get 

AF"(0)/2 = \/a^ 

SO that 

/-oo _ 

(19) 


1 = — / v^wx(v)dv. 













The facts that F^{0) exists and that the function v‘^w\{v) admits the Laplace transform follow 
from Theorem 13.31 Consequently we have 


/ x\^ 

( —) = 1 + Aa / vw\{v)dv 

\aJ Jo 


2 poo 


= — / v^w\{v)dv + Xa I vw\{v)dv 

2 Jo Jo 


1 r 

“ 2Jo 

Finally, 2W^r(s)“^Pa(a;, p) is equal to 


av{2X + av)w\{v)dv. 


xs r - A 


0 (A=+p=)*+i (A=+p^) 

A /■“ wx{v)L{X,p,v 


.. + A 


wa(w) 


0 ((A + an)2 + p2). 




(A2 + p2)s+iy^ p2y 

and the assertion follows. 


-dv, 


□ 


Below we give a description of the function w\. The formula depends on the zeros of the 
function Ky{z). Even if in general the values of these zeros are not given explicitly, we are 
able to prove some important properties (as boundedeness or asymptotics) of w\, which are 
essential in applications. Moreover, in lower dimensions we provide explicit formulas as well 
(see Section 3). 

The function Ky{z) extends to an entire function when n is even and has a holomorphic 
extension to C \ (—cxd, 0] when n is odd. Denote the set of zeros of the function K^{z) by 
Z = {zi,Zk^}. We give some needed information about these zeros (cf. |Elj . p.62). Recall 
that in the case of even dimensions, the functions ms{z), s = u — 1/2, are polynomials of degree 
s. They always have the same zeros as K^, so ki, = (n/2) — 1 when n G 2N. For n = 2/c + 1, 
ki, is the even number closest to (n/2) — 1. In particular, for n = 3 we have k^ = fci /2 = 0, for 
n = 5 and 7 we have ky = 2. The functions K^, and have no common zeros. 

In order to describe the function w\ we introduce additional notation. Let, as before v = 
{n — l)/2 and dehne 


^ Zie^^^FK,{xZi/a) 


Xa 


i=l 




( 20 ) 


and m;(K) = I«’i,a(“) 

Using the functions nig, the formula (unD reads as follows: 


wpx{v) = 


-1 


ki/ 

E 


mg{xzi/a) 


{n-2)Xaj^ mg_i{zi) 
We dehne additionally in the case of n odd (so G N ) 


W2,x{v) = (-1) 


ix+l 


[x/aY f°° ly {xu/a) Ky{u) - Iy{u)Ky {xu/a) 


Xa 




( 21 ) 


and, as before W 2 {v) = supo<A<a |'M^ 2 ,A('y)|- 
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We also need the following asymptotic formnlas for the modihed Bessel fnnctions K^: 
For M ^ 1 we have (0,1111!) 

I^{u) = (27™)“^e“[l + Ei{u)], Ki,{u) = 7r^(2M)“^e““[l + E2{u)], (22) 

where Ei{u),E 2 {u) = 0{u~^), n —> oo. 

When M —> 0 we have for z/ > 0: 

I^{u) ~ c^u'", Ku{u) ~ c'^u~'' (23) 

with Cy = 2“^/r(z/ + 1) and = 2^“^r(z/). Whenever z/ = 0 one has Io{u) ~ 1, Ko{u) ~ 
log(2/M). We now formulate and prove our representation theorem for the function w\. 

Theorem 3.3. In the even dimensions 


wx { v ) = mzi,a(w); 


while, in the odd dimensions 

wx{v) = wi^x{v) +W 2 ,x{v). 
Moreover, we have |ta*(n)| ^ Ci^o^a), f = 1,2 and 

ku 


y2 ZiV. 
C/ , 


Wi{v) = lim Wi^x{v) = 

x^a+ a ^^ 

2=1 

(_l)i^+iy; 2 ,A('y) ^0, n ^ 0, {n odd); 

, , , , , (-1)^+' r “6—dn 

Mv) = ym ^ K;(u) + .n;(uy 


{n odd); 


v^wl{v)dv < oo, /c = l,2,...; / n"' ^W2{v)dv < oo] 


lim v^wi^x{v) = 0, A; = 1, 2,...; 


lim v'^^^W 2 ,x{v) = 


(-l)^+^n! (x/a)"-^ - 1 


(n odd). 


2^-2r(z/)r(z/+ 1) Xa 
Proof. We recall the basic formula © 

{z/a)e^^E(^x/aYKy{xz/a) — [x j aY~^Q{z / a)Ky{z) 


XEx{z) = 


KJz) 


By standard rules for computing residues of meromorphic functions and using the following 
formula for derivatives of Bessel functions (cf. lEH, 7.11(22) p.79) 

d 


— {z^KYz)) = -^"iF._i(^), 


we obtain 


Ros^Wa = 


[x/aY Zie^^*^°'Ky{xZila) 


Xa 


Ky— l\^i 


(24) 
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Using the functions we obtain 


Res^^Fx = 


— 1 ms{xzi/a) 

{n-2)Xa ms-i{zi) 


(25) 


As mentioned before (see m and (d), by the inversion theorem for the Laplace transform 
we have 

-1 pb-\-ir 

= 7r~ / Fx{z)e^^dz 

zm r^oo 

for some b > 0. We show the existence of the above limit together with computing formula for 
the function wx. 

The technique of integration is different in even and odd dimensions. This is due to the 
fact that in the hrst case the function under the integral extends to a meromorphic one while 
in the odd dimension we have to deal with a branch cut. 

For n G 2Id we choose any 6 > 0. All the zeros of ms{z) satisfy ^{zt) < b (actually, we 
have in general ^{zi) < 0, i = 1 ,..., s, cf. |Elj . p. 62). To calculate wx we integrate over the 
rectangular contour with corners ai b — ir, b + ir, —r — ir, —r + ir. By (HDj we infer that 
integrals over the upper, left, and bottom side of the rectangle tend to 0 as r —> oo. Hence, 
by the residue theorem, the limit in (d exists and is equal to the sum of all residues of the 
function Fx{z)e^^. Thus, we have wx = and the assertion follows. 

In the odd dimensions, however, the function under integral is no longer meromorphic. We 
make the branch cut along the negative real axis (—cx), 0] and change the contour of integration 
to wrap around this line (see the picture). 



First, we examine behaviour of our function near the negative axis (— cxd, 0). For = —y {y > 0) 
we have (see |Elj . (45), p. 80) 


lim Ky{-y + ie) = e - mly{y), 

e^0+ 


lim K^{-y - ie) = F^'"K^{y) + ml^iy). 

e^0+ 
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Now, observe that, similarly as before, the integrals over the left, upper and bottom side of 
our rectangular contour vanish as r —>■ cx) by ina, The same holds true for the half-circle with 
radius e —>• 0 around the origin. Note that the branch cut and the residues for F\{z) are due 
to the term 


Fx(z) 


z{x/aYe^^/^Ky{xz/a) 

XaR^z) 


the rest of the function Fx{z) being holomorphic in C. Therefore 


r*b-\-iT 


— / Fx{z)e^^dz = wi,x{v) - 7^ / + 


27ri 


' b—ir 


27ri 


'71 


'72 


Fx{z)e^'’dz. 


After taking the limits r —> cx) and e —0, we get 




Fx{z)e^^dz = 


+ 


ix/O'Y (_ r M(e ""’"K^xu/a) -inhixula)) xu/a -vn , 
Xa V Jo e---JC(n)-*7r4(n) 

u{F^^KYxu/a) +iTilYxu/a)) \ 

io e*-/C(«)+^7r4(n) 

/ .x^+i{x/ay . u[lYu)KYxu/a) - lYxu/a)KYu)] _ 


^nla^-vudu_ 


This ends the proof of the hrst part of the Theorem. 

All that remains is to show the corresponding properties of the functions Wi^x, f = 1, 2. We 
begin with tci,A, which is easier to analyze. First of all, observe that ^{zi) < 0, so for hxed 
A > 0 the function wi^x is bounded and lim^^oo v’^wi^xY) = 0, for all k = 1,2,.... To see what 
happens when A —> 0 we use the formula for the residue of Fx (see together with the 

Lagrange formula. Since K^Zi) = 0 we get 


Res^^A = 


1 {zj/a)e^''^/’^{xzi/aY Ky{xzi/a) 
A -z^Ky_i{zi) 


_^\ziia {xZi/aYKy{xZi/a) - z^KYzj) 

Zi~^K,,_i{zi) {xZi/a)-Zi 


^Xz-ijd ^ 

a2 


{iz,YK.^{iz,) 


ZiZ'(K,,_YZi) _ /£i\2 
a^z''~'^Ky_i{zi) Va/ 


because 1 < X < x/a and X —^ 1 as A —0. 
Furthermore, for 0 < A ^ a we have 


Res^^Al ^ 


2" sup ^F-i{izi) 

V « / Ky_Yzi) 


Since 3^(2;^) < 0, we have obtained that |tcj|'(n)|is bounded by a constant Ci(z/, a) and that 
w\ integrates all powers of v. 

We now prove the corresponding statements for tC 2 ,A- Observe that the numerator in czn 
is equal to 


Ky{u)KYxu/a) 


/ Y{xu/a) 
\KYxu/a) 


Mu)) 
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and hence is positive, because the function I^{u)/K^{u), m > 0, is obviously increasing. 

Using the Lagrange formula once again and taking into account = z‘'Ii,-i{z){see 

|Elj 7.11(19) p.79) we obtain for 0 < A ^ a 

1 [Jy {xu/a) Kty{u) — Iy{u)K^ {xu/a)] 

A Kl{u) + TT^I^iu) 

Am 1 [{xu/ayii, (xu/a) — u^Iu{u)] Ky{u) 

a A {xu/a)—u {xu/ay[K‘^{u) + 

Am 1 [(xM/a)‘'JL,^ (xu/a) — u^K^{u)] luiu) 

a A {xu/a)—u {xu/ay[K^{u) + 7i‘^I^{u)] 

_ M (^im)^J^_i (^im) K^u) + {^2uyiyu)K^_i {^2U) 
a {xu/ay[K^{u) + Tr^I^{u)] 

U [y-l (m) Kyu) + Iy{u)Ky_l (m)] _ 1 1 

a Kl{u) + n'^Iliu) a K^u) + 

where for the last equality we used |Elj 7.11(39) p.80 . Here the convergence takes place when 
A —*■ 0 and 0 < .^2 ^ ^ 2 and .^ 1 , (^2 —*■ 1 as A —> 0. Thus, we have obtained 


lim M; 2 ,A('y) = 

A^O 


- 1 ) 


u+l 


ue 


‘‘du 


k Kl{u) + Ti^Il{uy 


since the passage to the limit under the integral sign is justihed by (EZD below. 

Moreover, using the above equations and the asymptotic behavior of ly and Ky, we 
obtain for m > 1 and 0 < A < a 


1 [Iy{xu/a)Ky{u) - Iy{u)Ky{xu/a)\ 

A Kl{u) + TT'^iyu) 

u2''[e~^'^^°'Iy_i{xu/a)e^Ky{u) + e““/i,(M)e“iLj,_i(M)] 

^ a {x / ay {Kyu) + 7r‘^ lyu)) 

^ 2 [1 + + -^2 (m)] + [1 +-E'i(m)][1 + E2 (m)] ^ Um^ 

^ acosh(2M) ^ cosh(2M) 


For M ^ 1 we have 


1 [Iy{xu/a)Ky{u) - Iy{u)Ky{xu/a)] „ 

A Kyu)+7rHyu) 

^ y M /^-l(2M)iL^(M) + Iy{u)Ky_l{u) „ 

^ a Kl{u) + 7r2/2(-u) 

Now, if z/ — 1 > 0 (i.e n > 3), using the asymptotics we obtain that the above expression 
is bounded from above by 


Cu^'' 


1 + M^ 
1 + 


< Cu^y 


U e (0,1). 


For u = 1 (i.e. n = 3) one obtains in fact the same bound 

2I +M^ log(2/M'' 


Cm" 


l + M^ 


^ Cm , M e (0,1). 
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Thus, we finally get for z/ ^ 1 


wliy) 


sup |tr' 2 ,A('*^)| ^ Cl [ ^‘^du + C 2 

0<\^a ' Jo 



vJe ^'^du 
cosh(2 m) 


Now, one easily obtains 

W 2 {v) ^ C{iy,a) and W 2 {v) ^ + C 2 e~'^, (27) 

and the conclusions concerning the function w^iv) follow. 

To finish the proof we show the existence and compute the limit 

lim v‘^''^‘^W 2 ,\{v) = lim v'^^^W 2 ,\{v). 

V—^OO ’ V—>CXD ’ 

As before, we take into account the expression under the integral sign in m multiplied by 
y 2 u +2 _ ^n+i after changing variables t = vu we obtain 


(xu/a) K^ju) - h{u)K^ {xu/a)] 

Kl{u) + 7l^I^{u) 

v‘^n[h {xt/av) K^{t/v) - Iu{t/v)K^ {xt/av)] xt/av 

m/v) + 7r^P^{t/v) 


(28) 


Using the same formulas (I28|l as before, we obtain that for any fixed f > 0 the expression above 
has the following asymptotics when n —>■ cx) 

v^'^tc^c^[{xt/avy{t/v)-'^ - {xt/av)-’'{t/vy] 

(clfitlv)-^’^ + TT^clitlvy’^ 


(x/a) 


n—1 


CyCX 


{xjaY {YY + PY/{t/vY'^ 
{x/ay-^ -I ^n^-t 




{x/aY 

Moreover, for any fixed f > 0 and v such that t < v we get that (OK|l is bounded by c{x, a, v)Pe~^. 
Now, we write 


= (- 1 ) 


u+iAA) 


Xa 


V / poo 

/ •+ / 

'0 Jv 


We use (i2nD with t/v = u ^ 1 and we observe that the expression in the second integral is 
bounded from above by 

^ ^ cosh(2f/M) ^ ^ 

Since v oo, the second integral tends to 0, while the first one converges to the following limit 


lim v'^'^^W 2 ,\{v) = (—1) 


u+i 


{x/aY {x/aY ^ — 1 ( 


Xa {x/aY 
This ends the proof of the theorem. 


Hre-^dt = 

lo Xa Cj^ 

□ 
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Examples. We finish this Section by writing down explicit integral formulas for some special 
cases. Observe that in our Poisson kernel is identical with the Euclidean one. Thus, the 
simplest nontrivial situation arises in H^. Recall that X = x — a, p = \y\. 

Corollary 3.4. If n = 3 then 


X Ii{xu/a)Ki{u) - Ki{xu/a)Ii{u) 

= T-y / -^ ^ 


Aa2 


Kl{u) + TT^/f (m) 


''udu 


and 


L{X,p,v) = 2 ^an(2A + an)((A + av^ + p ^)2 - (A^ + p^)[((A + av^ + p ^)2 - (A^ + p"^)^, 
hence 


Pa{x, y) = 


A 


wx{v)L{X, p,v) 


2ti{X^ + p ^)2 Jo ((A + an)2 + p'^)^ 


-dv. 


If n = A then wx{v) = a "" and 


Pa{x,y) = 


A 


_ r°° (2A + avfv^e- '’ 

27r2(A2 + p2)2 p2 


-dv 


If n = 6 then 

and 

hence 


u!x{v) = ^"^^[(2A + a) cos(A/3n/2) + a/So sin(\/3n/2)] 


L(A,p, v) = {av{2X + an))^[2an(2A + av) + 3(A^ + P )], 


Pa{x, y) = 


A 


wx{v)L{X, p,v) 


-dv 


2'k^{X‘^ + p2)3 Jq ((A + an)2 + p^)^ 

Proof. In the case n = 3 the function = Ki has no zeros and we have wx{v) = W 2 ^xip). We 
use the Theorems 13.21 and m 

For n = 4 we have mo{x) = 1, mi(x) = 2(1 + x). Certainly, wxiv) = Wi^xiv) and L(A, p, v) = 
(an(2A + av)Y so all we have to do is to find the function wx{v). We apply the Theorem 13.31 
and obtain 


wx{v) = wi^xiv) 


-1 mi(-x/a) ^_^ 

2Aa mo(—1) 


(-l/a)2(l 

2A 



= a 


If n = 6 then s = 2 and m 2 {z) = 3{z^ + 3z + 3) = 8(z-- 

Zi = —3/2 + ix/3/2. According to formula (PK|l we obtain 


Put 


— 1 m2{xzi/a) 

(6 — 2)Aa mi{zi) 

—1 8{{xzi/aY + 3(xzi/a) + 3) 

4Aa 2(1 + zi) 

= -r^((a:zi/a)^ + 3(a:2:i/a) + 3)(1 + ^) 

Xa 

= -^{{xzi/a)'^ - + 3{xzi/a) - 32;i)(l +^) 

Ad 

= -—[{lpx/a)zl{lpzi)p3zi{l + zi)\ 


3 


[2A + a 
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Finally, we have 


Wx{v) = Wi^xiv) 

q^—3 d/2 , ■. 

= -^3? ([2A + a - j 

2g-3'!)/2 

= - - —[(2A + a) cos(A/3n/2) + /2)]. 

Qj 

This completes the case when n = 6. □ 


4 Asymptotic behavior 


In this section we study the asymptotic behavior of the Poisson kernel Pa{x, p). The hardest part 
is to get the asymptotics for p —>■ oo (see Theorem 14.81 below!. It is clear that for integrals like 
© Lebesgue’s bounded convergence theorem fails. Another natural approach by a Tauberian 
theorem (or the Karamata theory) does not lead to the solution either. On one hand, at the 
Laplace transform level, in the required limit we have to deal with hue cancellations of divergent 
integrals. On the other hand, in the basic cases n = 4 or n = 6 our representation formula 
gives almost immediately the required asymptotics. This leads to the present approach. 

Recall that s = n/2 — 1 and n=(n — l)/2, \y\ = p. We shall compare our results to the 
behaviour of the classical Poisson kernel of the upper half-space in 




r(n/2) X 

j^n/2 -f |y|2^«'/2 ’ 


x > 0,1/ e M” \ 


and the Poisson kernel of the entire hyperbolic space in half-space model. 


PM^{x,y) 


T{n — 1) / X 


X > 0, y eW^ \ 


(29) 


see |0,lTj . |H] . The constant in the last formula is easily determined knowing that /r„_i Pm^ix, y)dy 
1 on one side and that, on the other side. 


f f 1 ^ , 27 r" 2 ^ /■“ r” ^ n — 1 n —1 

^^ p(^) io (l + r2)-i 

according to |(fRj . 3.194.3. For example, in the two particular cases of Propositions 14.41 and 
KB all the three Poisson kernels behave in the same way. 


The main tools of our study of the asymptotics of Pa{x,p) are the representation formula 
(USD from Theorem 13.21 and the semigroup properties of the Poisson kernel. 

Semigroup properties of Pa{x, •). By the strong Markov property we obtain the following 
semigroup property of Pa{x,y). 

Proposition 4.1. Let b be such that 0 < a < b < x . Then 

Pa{x,y)= f Pb{x,z)Pa{b,y - z)dz, yeW^~\ (30) 

7r"-i 
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Denoting Pa,x{y) = Pa{x,y) we have 

Pa,x Pa,b * Pb,xj 0 < fl < 6 < X, 
where * is the usual convolution in 

Proof. Observe that Tb < Ta so using the strong Markov property we obtain for an arbitrary 
nonnegative and bounded Borel measurable function / on 

= [ Pi,{x,!:){f P^z,y)f{y)dy}dz 

= / f{y){[ Pbix,z)Pa{b,y - z)dz}dy. 

JR"-l JR"-l 

Thus, we obtain that almost everywhere the following holds 


Pa{x, y) 



Pb{x,z)Pa{{z,b),y)dz, 


where we denote Pa{x,y) = Pa{{0,... ,0,x),y) and, according to this notation we also have 
Pa{{z, b),y) = Pa{b, y — z). Since both sides of the above equation are continuous as a function 
of y, the formula (p?n|i follows. □ 

Remark. The semigroup formula dSHD holds also for a = 0, with Po,x{y) = Pa'^{.x,y). This 
follows from the fact that as in |E]f], Ph" is the density of Xooix), and the proof of the 
Proposition 14.II still works in this case. 

Moreover, when a ^ b, a > b or when b ^ a, b > a, then Pa^b <5o- Consequently, {Pa,b} 
is a 2-parameter continuous probability semigroup. It means that Pa^ are the densities of the 
increments Yb — of a non-homogeneous Levy process {Yx}o<x<oo, with the distribution of 
equal to Xoo{x) in 

Asymptotics when a —> 0. When the boundary of the half-space in the Euclidean space 
M"' is moving away to — cxd, the Poisson kernel converges to 0. This is not the case in hyperbolic 
spaces. In H” we will show the uniform convergence of Pa{x, •) to the Poisson kernel of H”, 
given by (Ei. 

Note that the weak convergence, equivalent to the pointwise convergence of Fourier trans¬ 
forms, is simple to see by a probabilistic argument using Xr^ X^o- An easy analytic proof of 
the pointwise convergence of Fourier transforms is based on the Theorem 12.11 on the asymp¬ 
totics v'^Kyiv) ~ 2'^“W(i/), n —> 0, and on the fact that 


P[PHn(x, •)] (m) 


1 

2^-ir(z/) 


{x\u\yK^{x\u\). 


The last formula follows e.g. from |CRj 6.576.7: 



Jyr p)Kyrx)dr = 


2V+PpVx’^Y{y + u + l){x^ + 


(31) 


with y > u - 1, X > 0. Putting o = y = ^ Y e {e > 0), we have y + i'Y\=n-lYe. 
Taking limit e —> 0, by dominated convergence theorem we easily extend (EH) to the special 
case y = v — 1. 
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Proposition 4.2. Let n G N, n > 2. Then for all y G M"' ^ and x > 0 we have 

lim Pa{x,y) = PMr^{x,y) 

a—*0 

and the convergence is uniform with respect to y ^ 

Proof. We have, by elementary properties of the convolution, for any 0 < a < 6 < x 

-POjxIloo * Pb,x Po,a * Pa,b * -P6,a;||oo ^ 11-^0,a * Pb,x -Pb,a:||oo' 

Note that Po,a * Pb,x is the action of a probabilistic operator with density Po,a on the 
continuous function P^^a,. The function Pb^x is bounded by Theorem 12.21 

The operators Ta^x form a continuous 2-parameter semigroup, so lima^o \\To,ag — 5'||oo = 0 
for any continuous bounded function g. Thus 


Po,a * P} 


b,x 


h,x 


0 , 


and the assertion of the Proposition follows. 

A different proof of the Proposition is also possible, by justifying the passage with a —0 
under the integral in @ and by the Lebesgue bounded convergence theorem. □ 

The Proposition I4.2l implies the following limit theorem for the hyperbolic Brownian motion. 


Corollary 4.3. Let x = G H"' and Xt he the hyperbolic Brownian motion starting 

at X. Then Xr^, the process Xt stopped when first crossing the hyperplane {yn = a}, converges 
when a —> 0 to a random variable X^o, concentrated on the border {yn = 0} o/H"' and with the 
density 


^o(x, y) 


r(n - 1) / Xn 


where x = (xi,..., x„_i). The convergence of X^^ to X^o is in the sense of uniform convergence 
of the densities of their distributions, when we project the hyperplanes {yn = on the border 

{Vn = 0 }. 


Remark. By Scheffe’s theorem, the distributions of converge to the distribution of X^ in 
the total variation norm. 

Asymptotics when x —> oo. The Poisson kernel Pa{x,y) behaves in the same way as the 
Euclidean Poisson kernel and the Poisson kernel of H"': 


Proposition 4.4. We have 


Pa{x,y) ~ cx 


—n+1 


x —^ oc. 


Proof. First, observe that for n > 2 


[a/xY < ^ ^ > 0. 


( 32 ) 


Indeed, since (cf. |GR,j 8.432.8) 


rf—) /z\^ 1 1 

id "'Vo 
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by the change of variable u = rxu {u = ran, respectively) we get 


{x-a) Ku{rx) ^ fay lo^e ^(u/(rx) + 2 )^ 2 ^"du 

e““(n/ (ra) + 2 )^du 


K{ra) 


( 33 ) 


Since x > a the above qnotient of integrals does not exceed 1 and we get the upper bound in 
(jS2I)- Multiplying the left-hand side of by 


n —2 / \ ]1 _^ 

^ 'a\ [rx) 2 


X 


(ra) 


n — 2 
2 


we get 


(^_a) K^{rx) _ /a\ V e ^(n + 2ra;) 


K^{ra) \xJ r°e-“(n + 2ra) VtiVdti’ 


(34) 


Now, X > a implies that the above quotient of the integrals is greater than 1 and the lower 
bound in (IS2D is verihed. 

First, we deal with the special case y = 0. By a simple change of variable rx = t in © and 
by (jSll) we get 


Pa{x,0) = c j 


71—1 -1 

X\ 1 


Kv{t) n-2 


x"-~^ Jq Ky{ta/x) 


e-^dt. 


) /“e-“(n + 2f)^n^dn 




p-^dt. 


0^72—1 / 

^ Jo 


r^CiCi / ^ I \ Ti — 2 n — 2 , 

/q e““(n + 2ta/x) ^ u ^ du 


For each f > 0, when x increases to inhnity, the denominator decreases to e “n” ‘^du = 
F(?7, — 1). Hence, for x > 2a we have 


3— £(1—a/x) 


,-t/2 


< 


e~'^{u + 2ta/xy2^du F(?7, —1) 

Therefore, by bounded convergence theorem the assertion for \y\ = 0 follows. 
Now, assume \y\ > 0. Recall that 

K^{z) ~ 2'^-^T{p)z-\ z^O. 

By a simple change of variable rx = z in © we get 

Pa{x,y) = c '^' / —-— Y^J:^{z\y\ x)z 2 dz 

xa— Jo K^[za/x) 2 

x^ Jn-3 {z\y\/x) 


(35) 




X 


L ^''^^\zaYK^{za/x) (z|2/|)"^ 


2 ; 2 dz 


By and (jHI) the two quotients above converge to a positive constant when x —>• cx). Moreover, 
the second one remains uniformly bounded in z G (0, 00 ) and x > 0. For z < x/a hj (IHK|) we 
get 


KYz)z^ 


X 


{zaYK, (f) 


/ \ dn —■ 

< cKYz)z 2 


(36) 
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Using (12^ . ioi z > x/a and x > 2a, say, we get 


1 / n ^ 

UarK^ (f) - C0^^exp(-<l-a/x)) 

3n—4 . . . 

< C 2 ; 2 exp(— 2 ;/ 2 ). 

By this and dSHD bonnded convergence theorem applies. Conseqnently, the whole integral above 
tends to a positive constant as x —>• oo. The assertion follows. □ 

Asymptotics when x —> a. The asymptotics below are easy to obtain. 

Proposition 4.5. 


2^ — livr 2 

P„{x,0) ~ - ' - (x-a) +, 


r(V) 


X —>■ a 


Proof. From (jSl it follows that 

r(n — 1) {a/xY (x — a) 


->^+1 = [a/xf / 

Jo 


< 


< 


KYrx) 2 


KYra) 


r"" dr 


n \ - r°° 

Cl\ 2 I 


X 




= r(?7, — 1) (a/x) 2 (x — a) 


—n+l 


Combining this and completes the proof. 

Mnch more is reqnired, however, to obtain the following Euclidean-like asymptotics 


□ 


Pa{x,p) c{x - a), X ^ a+, p 7 ^ 0. 

The justihcation of this important resnlt is postponed after the proof of Theorem 14.81 

Asymptotics when p —> 00 . The most important and difficnlt thing to prove is what 
happens when p —> 00 . By n we denote, as before, the dimension of the considered hyperbolic 
space We assume throughout this section that n > 2. Recall that s = n/2 — 1. Let 
us rewrite the basic formula for Pa{x,p), using some notation more suitable for calculations. 
Denote 


+ p^, 

K = (A + avY — A^, 
u = k/z, 

<!>(«) = (1 + u)~^ — 1 + sn, M ^ 0 . 

We then have (A + avY + p^ = k + z, so 

L(A, p, v) = L{k, z) = sk{k + zY — z[{k + zY — z"^] 


and 


L{k,, z) 
z{k + zY 


— - 1 + (^—)" = (1 + uY" -l + su = <F(m). 

Z K Z 
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Consequently, 

= MvMu)dv, (37) 

where u = u{x, a, p, v). Writing the last formula in the form 

we see that in order to get the asymptotics of Pa{x,p) when p —> cx), it is sufficient to obtain 
the asymptotics of wx(v)^(u) dv when p —> cx). 

In the sequel we use the following standard properties of the oscillating binomial series 

oo . 

(s)i = s{s+l)...{s+j - 1), 

j=0 

related to the function $. For all m > 0 and / ^ 2 we have 


Moreover, when u —> 0+, 


4 («)- 5 ^ (- 1 ) 








(39) 


lim u 

ti—>0+ 






We also have for all m ^ 0 


(- 1 ) 


i{s)i 


-ly 


<^>(«)- E (-1) 


2(-) 


j! 


-u^ 


> 0 . 


(40) 


(41) 


Note that for / = 2 the formulas above involve the function $ alone (summation is performed 
over empty set of indices). 

Lemma 4.6. Let 2 ^ ^ [^/2]. Then 



When n is even, this is true for any / G ^ 2. 

Proof. We multiply and divide by the expression under the integral in the last formula. 
When p ^ oo then m —0, so the formula iOD applies to 


u 


$(«)- 5^ (-1) 






J'- 


On the other hand, p^^w^ 
ii and the fact that 


kK The passage to the limit under the integral sign is justihed by 


Hj-'^P^\wx{v)\dv < oo, n odd. 


n"^\wx{v)\dv < oo, m eN, n even. 
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Actually, according to Theorem Id.dl when n is even, the function w\ has hnite moments of all 
orders and when n = + 1, /c = [n/2], the function v'^~^w\{y) ~ k^w\{v) is integrable. □ 

The observation contained in the next lemma is crucial for our purposes. 

Lemma 4.7. For hyperbolic spaces of even dimension n = 2k > 4 we have for all X > 0 

K^w\{v)dv = 0 ( 42 ) 

when j = 2,..., k — 1. 

For hyperbolic spaces of odd dimension n = 2k + 1 > ?> we have for all X > 0 

K^w\{v)dv = 0 ( 43 ) 

when j = 2,... ,k. 

Proof. Consider hrst the case n = 2k > 4 and suppose that the assertion is false. Let jo ^ k — 1 
be the smallest power such that does not hold. By Lemma Id.bl and the formula it 
follows that there exists 

lim Pa{x, p) > 0. 

p—»'O0 

We will show that this is contradictory with the existence of a hnite linip^oo p). By 

the semigroup property proved in Proposition 14.11 fsee Remark below its proof) we have 




Po{x, •) = Po{a, •) * Paix, •)• 


It follows that for \y\ > M >0 


\yr-^Po{x,y) ^ 


\y\ 


\y\ +1 
\y\ 

\y\ +1 


2n—2 


2n-2 




Po{a,z)Pa{x,y - z)\y - z\ dz 




Po{a,z)Pa{x,y - z)\y - zl"' - z\'^ ‘^^°dz 


^ c 


\y\ 


\y\ +1 


2n-2 


> Ci(||/| - 1)P ^ oo, bl^oo. 




Po{a,z)\y-zr-^^°dz 


because n — 2jo ^ 2. 

In the case n = 2/c + 1 > 3, let us remark that Tvemma (4.til applies for / ^ k. We proceed 
exactly in the same way as in the proof in the case of n even, with the only difference that 
now jo ^ k, so n — 2jo ^ 1 and the hnal contradiction with limp^oo p) < oo also 

holds. □ 


We now state and prove the main result of this section. 
Theorem 4.8. We have 

Paix, p) ~ p^ OO. 
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( 44 ) 


Proof. Case n = 2k. We will show that the formula fails for j = k, i.e. that 

K^w\{v)dv 7 ^ 0. 

The formula (j44jl together with T^emmas 14.til a.u(i 14.71 imply that W\{v)^{u)dv ~ cp~^^ = 

cp~"‘, c 7 ^ 0, wheu p —> cx). Takiug iuto accouut the formula we obtaiu the desired result. 
Observe that wheu n = 4, the fuuctiou w\{v) = is positive so the formula is 

appareut. lu this case we ouly ueed Lemma [4.0 fLemma 14.71 is uot available for this case). 
Proof of the formula (EP- Suppose that (Bill is uot true, i.e. 

K^wx{v)dv = 0 . 

Theu, usiug Lemma [4.61 for / = A; + 1, it follows that there exists the limit 

w\{y)^{u)dv = L 

aud, by (jSHI), 

Jiii^ p^^Pa{x, p) = < oo. (45) 

We will show that the existeuce of the limit iiD leads to a coutradictiou with the couvergeuce 
of the Poissou keruels Pa{x,y) to Po{x,y), a —> 0+, established iu Propositiou 14.21 

By the homogeueity property of the keruel Pa{x,y), proved iu Corollary 12.81 we have 



Pa 2 l:^{a,aplx) = {xfo) '^"^^Pa{x,p), 


so we also have 

lim p‘^^Pa 2 /x{a,ap/x) < oo. 

p—J'CXD ' 

(46) 

We will prove that 

\iinp^^Pa 2 /^{x,p) < oo. 

p—>oo 

(47) 

Set Oi = /x. As 0 < Oi < a < x, the semigroup property implies that 



lim [ 

p^oo Jq 




\y\ ""PaAx^y) = / PaM^^)\y\ '^Pai.X.Z - y)dz. 

We divide the last iutegral iuto + l 2 \z\<\y\ estimate separately both iutegrals. 

By fUbj) . we obtaiu that limp^oo (a, p) < oo. This is used iu the estimate 




Pa,{a,z)\yf'^Pa{x,z-y)dz ^ 2^”/ Pa^(a, z)\zf'^Pa(x, z - y)dz 


'2\z\^h 


^ c2 


2n 




Pa{x,z- y)dz ^ c2 


2n 


where the coustaut c is commou for all \y\ > M > 0. Next, observe that if \y\ > 2\z\ theu 
\y — z\ > \y\/2, so that, usiug (|45|) . 


l2\z\<\: 


PaM^ ^)\y\ Pa{x, Z - y)dz ^ 2^*" / Pa^{a, z)\z - yf'^Paix, z - y)dz 


i2\z\<\: 


^ c2 


2n 


l2\z\<\. 


Pai{a, z)dz ^ c2 


2n 
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and (gZl) is proved. Note that in order to prove it, a weaker hypothesis 

lim p) < cx). 


p—^■CXD 


is sufficient. Consequently, denoting q = a/x and iterating the last argument j times we get 

limp^’"P ,'„(x,p) < oo, j e N. (48) 

p—^CXD 

We denote Oj = q^a, Xj = x — aj, Kj = (Aj + ajvY — A| and we denote w\.{v) the function 
appearing in the representation formula m for the kernel P^^ {x, p). The formula (I48|l implies 
that for all ? G N 

poo 

/ K^^‘^wx^{v)dv = 0 (49) 

Jo 

(otherwise (x, p) converges to a positive constant when p —>• cx), so p^'^Pa^ {x, p) diverges 

to +cx). 

Recall that 


Wx^{V) = Wi^xpv) = 




P KX^Zi!aj) 


E 


,ZiV 


2=1 


Aa ^ e^iK„_i{zi) 
2 = 1 ^ ' 


Writing 


Res^.pA = 


1 


1/2 


0*^/2 ^A, e^*P^_i(2;i) V a 


2^ ] f 


1/2 


f XZi 


V 


and using the asymptotics Ky{u) = 712 ( 211 ) 2 e “[1 + P(m)], m ^ 1, P(m) = 0{u ^) when 
M —> cxD, we get for a —> 0+ 


a"/2Res,WA^. = - 


77 - \ 1/2 rp'P-l‘^ X 7 - 

■K\ / Z, X 


and 


Thus we get 


2 / X — a e^^K„-i{zi) 

1 /*? 

w{v) := lima”/^w;A('i’) = “ fw) 
a—>0 V 2 / 


a.- 


^ 1 / 1/2 21 

e * 




limK^^^tCA (f) = (2a;)"'/^n”/^M)(i;). 

j 1 j 

By the Lebesgue dominated convergence theorem and by (gni) 

poo poo 

lim / HP^‘^wXjj{v)dv = {2x)^^^ / v^^‘^w{v)dv = 0. 


(50) 


1 Jo 


Now, when j —>• cx and p is fixed, one has Kj — 0 and iij = ^ 0. By (pn|l and by ((Sill), 

we get 


lim / WXj{v)^{uj)dv = lim / tCAj(w)[4>(Mj) 


1 Ao 


•1 Jo 

= |•_]^^ n / 2_('®)«/2 / 2a; 




(n/2)! \a;2 + p^y Jg 


n/2 


v'^^‘^w{v)dv = 0. 
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This implies that \mij Pa^{x,y) = 0 which is false because \\mj Pa.{x,y) = Po{x,y) ^ 0. The 
proof in the case n = 2k is completed. 

Case n = 2k + 1. 

By Lemma 14.71 for n > 3 


w\{v)^{u)dv = 


> . Isi ■ . 


This formula is also trivially true for n = 3 (there is no sum on the right-hand side). We want 
to show that wx{v)^{u)dv ~ Cp~'^ when p —>• cx), for a positive constant C. We divide the 
last integral into the sum of three integrals 


1 



where A > 0 is so big that (—for a constant c > 0; this is possible because, 
by Theorem 13.31 converges when n —*■ cx) to a positive constant. The value 

of e will be chosen in the sequel. Recall that z/ = = k. 

We estimate the integral using the bound for / = A; + 1 and |tCA('y)| ^ We 

obtain 



2^j^k 


dv ^ 


^k+1 yn+1 ^ 


Cl 

p2(fc+l) 



y2(fc+l) 

/^n+1 


dv 


Cl A 

pn+l 


Next, observe that, again by for I = k + 1, 



2<ij^k 


dv ^ 




c 

zk+1 





c 

pn+l 



U!l,x{v)\v"'~^^dv ^ 


C2 

pn+l ’ 


since the function |tci A(n)| decreases exponentially when n —>• cx. Thus, in order to show that 
/o°° wx{v)^{u)dv ~ Cp~"‘ when p —>• 00 , it suffices to prove that 



Cp-”. 


Note that by (|TT| with / = A; + 1 and by the fact that (—^ 0, proved in Theorem 13.31 
the integrand 

2<ij<ik 

is non-negative. Moreover, by dm), for e > 0 sufficiently small and v < so that v‘^ jz < e^, 

vjz ^ v/x/z < e and u < b{x,a)e, we have 

l®(«) - V > c«^+\ 

r ^ n I 

2<ij<ik ■>' 
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for a positive constant c. On the other hand, by (P|). we have for all n ^ 0 

|$(m) - 

2<7'^fc 

We consider p so big that A < ez^!'^. The last two estimates imply 


^fc+1 


2;' 


k-\-l 


n+1 


V 


.fsV 

dv^ W2,x{v)[^{u) — {—iy—^u^]dv ^ 

2^j^k 


J ^k+1 


yk + 1 


,71+1 


dv, 


which, nsing k = an(2A + av), implies 

-£^1/2 „^^l/2 


Cl 


2; 


fe+1 


dv ^ 


and 


2^j^k 


p/2 


f- 


k-\-l 


dv 


cie ci^d 


p/2 




fc+(l/2) ^fc+1 


< 


tC2,A(c’)[^’(M) - {-ly^^uydv ^ 


C2e 


^k+{l/2) 


C3 C4 


p/2 


pn pn+1 


< 


tC2,A(n)[<h(M) - {—ly—^uydv ^ 


C 5 


Thns 


p/2 


'?C2,A('c)[<h(M) - (-ly ~ Op "■, 


for O > 0, p —7- 00 . 

In the last integral J^i/ 2 W 2 ,\{v)[^{u) — '^ 2 ^j^ki~^y variable u is separated 
from 0, so the expression |$(n) — estimated from above, np to a positive 

factor, by the highest level term Conseqnently 


0 < / tn2,A('c)[‘h(M) — y^ {—ly—^uydv ^ 

.Lyl/2 ’ j! 


2^j^k 


c 

W 


.00 ^k 


,1/2 V 


n+1 


dv 


J r°° „,7i-i 


< 


v- " , c" _i/o Oi 


,1/2 V 


dv = —rZ 
n+l -^/c 


p" 


Since both integrals 


p/2 


tn2,A('c)[$(n) — (—~ Cp 


2^j^k 


J'- 

(s)j 


/ tn2,A('c)[$(M) - yy (-l)^-^n^](in ^ Oip” 

hzl/2 j! 


2^j^fc 


are positive, we conclnde that 


'iC2,A('c)[*h(n) — yy {—ly^^^uydv ~ Cp 


and the proof in the case n = 2/c + 1 is hnished. 


□ 
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We now deal with the remaining asymptotics of Pa{x, p) near the boundary: a: —> a"*", p 7 ^ 0. 

Theorem 4.9. We have 


Pa{x, p) c{x — a), a: —> a’*', p 7 ^ 0. 
Proof. We recall the basic formula (IH7|) for Pa{x,p) 

r(s) A 


Paix,p) = 


2ti^P (A^ + p2) 


t(;A('y)‘h(M) dn, 


We apply here notation and terminology introduced before the formulation of Theorem 14.81 
In particular, we have for 0 < A ^ a 

, K av{2\ + av) /a\2 
0 ^ $(n) ^ s- = 5 ^ ^ (^-j v{2 + v). 


We also have 


A2 + p2 

lim $(«) = s ( —^ — 1 + 


x^a+ 


p J 




p^ + (an)2 


and hm,j,^a+M;A(t’) = w{y) = Wiiy) + W 2 {y). 

Using properties of Wi x stated in Theorem Id.dl one obtains 


lim 


Pa{x,p) ( 47 r)T(s) 


^a+ A 


P 


,2s 


w{v)[s -1 + 


p 


p2 + (an)2 


]dv. 


Using formulas (ED and dH from the proof of Theorem Id.21 one computes 


^2 poo 


^2 poo 


1 = — / v^wx{v)dv —>• — / v^w{v)dv 


and 


w{v)dv = lim / w\{v)dv = lim s(s + l)(a:/a) 


1 


s{s + 1) 


x^a-\- 


x^a-\- 


We thus obtain 


2xa 2a^ 
w{v)dv 


Pa{x,p) 2s g(g + l) 

x-a+ A ^^p2s+2 2aV* Jo {p^ + iavyy^' 

Observe now that when we multiply the right-hand side of the above equation by p^^ and let 
p —0 then the hrst term tends to inhnity while the second one is constant and the third one 
converges to 0: 


P 


2s 


w{v)dv 


Jo (p^ + 

This observation completes the proof. 


dv = 


w{v)dv 


Iq (1 + (an/p) 


2\s 


dv —> 0. 


□ 
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